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Dedicated to Lex Remington 

Abstract. Motivated by work of C. U. Jensen, R.-O. Buchweitz, and H. Flen- 
ner, we prove the following result. Let ii be a commutative noetherian ring 
and a an ideal in the Jacobson radical of R. Let ij" be the o-adic completion 
of R. If M is a finitely generated ij-module such that Ext^(i?'',M) = for 
all i ^ 0, then Af is a-adically complete. 



Introduction 

A result of Jensen [13l (8.1)] characterizes the completeness property of a semilo- 
cal ring in terms of Ext- vanishing: If i? is a commutative noetherian ring, then it 
is a finite product of complete local rings if and only if Ext^(B, M) = for i 
whenever B is flat and M is finitely generated over R. In their investigation of 
Hochschild homology, Buchweitz and Flenner jjl (2.3)] recover one implication of 
the local case of this result: Let i? be a ring and m C i? a maximal ideal; if M is 
an m-adically complete i?-module, then Ext^(B, M) — for all i ^ and each flat 
i?-module B; see also (3.7)] for the local case. 

In this paper, we investigate converses to the Buchweitz-Flenner result: If M is 
an i?-module such that Ext^(_B,M) = for all i 7^ and each flat i?-module B, 
must M be m-adically complete? One sees readily that this need not be the case 
when M is not finitely generated. If i? is a local domain with dim(_R) > and M is 
the quotient fleld of R, then M is not m-adically complete. However, M is injective 
so Ext5^(i?, M) ^ for alH ^ and each i?-module B. 

The following result is proved in 13. II When M finitely generated, it shows that 
the completeness of M can be ascertained from the vanishing of the Ext-modules 
against a single flat module, namely R. 

Theorem A. Let R be a commutative noetherian ring and a an ideal in the Ja- 
cobson radical of R. Let i?" be the a-adic completion of R and let M be a finitely 
generated R-module. The following conditions are equivalent. 

(i) M is a-adically complete. 

(ii) Ext'^(^°, M) for alii ^Q. 

(iii) Extj^(^», Af) for alii ^ I.,.. . ,dimj^(M). 

As a consequence of this theorem we obtain the following two results. The first 
is proved in 13.31 and the second is contained in Corollarv l3.9l 



2000 Mathematics Subject Classification. 13B35, 13D07, 13D25, 13D45, 13J10. 

Key words and phrases. Completions, completeness, Ext, local cohomology, local homology. 

This research was conducted while AJF had a Steno Stipend from the Danish Research Council. 



1 



2 



ANDERS J. FRANKILD AND SEAN SATHER-WAGSTAFF 



Theorem B. The ring R is a-adically complete if and only if the completion R° 
is module-finite over R. 

Theorem C. Let M, N be finitely generated R-modules and t an integer such 
that Ext*fl(iV,M) = for each i < t. // Exf^XTV", M) = for each i ^ t, then 
Ext*fl(iV, M) = for each i^t and Ext*fl(7V, M) is a-adically complete. 

To prove these results, we employ a conibination of classical module-theory and 
derived category techniques. Preliminary module-theoretic results are presented in 
Section [TJ Requisite derived category notions are discussed in Section [2l 

1. Analytic conductor submodules 

Throughout this work, R is a commutative noetherian ring and a is an ideal con- 
tained in the Jacobson radical of R. 

Lemma 1.1. If M is a finitely generated R-module, then M admits a unique 
maximal a-adically complete submodule G\j. 

Proof. Let C''(Af) denote the collection of a-adically complete submodules of M 
which is nonempty because it contains the zero submodule. Since M is noetherian, 
this collection contains maximal elements, each of which is finitely generated. Let 
N,N' G C"(M) be maximal elements and suppose that N ^ N' . By maximality, 
one has N % N' and so C iV + iV'. In particular, A + TV' is not a-adically 
complete. However, the module N (B N' is finitely generated and a-adically com- 
plete. Hence, the homomorphic image A -I- A' of A A' is a-adically complete, a 
contradiction. Thus, A = A' and the maximal element of C'"(A/) is unique. □ 

The submodule C%[ is the analytic conductor of AI with respect to a. It is 
the largest _R-submodule of M that is also an i?''-module. Before presenting an 
important property of Cjj for this work, we introduce some frequently used maps. 

1.2. Let M be an i?-module. The map g%j: Homfl(i?'', A/) M is given by 

Aif) — "/^(l); ^^'^ • ~^ natural inclusion. Assume now that Af 

is finitely generated, so that C^.j is defined. Let : C%j A/ denote the natural 
inclusion. The map /°j : CJ^ Homjj(i?°, Af) is given by = ^'t^- 

The next result yields a well-defined map k^^: Hom;j(i?°, A/) C^j, given by 
^mC"^) = such that gl^ = ilikli- 

Lemma 1.3. // AI is a finitely generated R-module, then the natural inclusion 
}lomR{R'',il.j): HomnC^", C"j) RouiRiR" , AI) is bijective. 

Proof. By left-exactness of Homi^(i?°, — ) the given map is injective. To see that 
this map is surjective, fix e Hom/j(i?'', M); it suffices to show lm{ip) C C^f. 
The image Im((^) is finitely generated over R and a homomorphic image of the 
a-adically complete i?- module R". Hence, lm{ip) is a-adically complete, and the 
desired conclusion follows from Lemma 1 1.11 □ 

2. Derived local homology and cohomology 

We work in the derived category D{R) of complexes of i?-modules, indexed ho- 
mologically. References on the subject include [SHU]. A complex X is homologically 
bounded to the right if Hi(A) = for all ? <C 0; it is homologically degreewise finite 
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if Hi(X) is finitely generated for each i; it is homologically finite if ®i'Ki{X) is 
finitely generated; and it is homologically concentrated in degree s if Hi(X) = for 
alH ^ s. Isomorphisms in D(i?) are identified by the symbol ~, as are quasiisomor- 
phisms in the category of complexes. For X,Y ^ set inf(X) and sup(X) to 

be the infimum and supremum, respectively, of the set {n G Z | H„(X) =/= 0}. Let 
X^^Y and RHomi^(X, Y) denote the left-derived tensor product and right-derived 
homomorphism complexes, respectively. 

The left-derived local homology and right-derived local cohomology functors with 
support in an ideal a are denote LA''(— ) and Rro(— ), respectively; see |]J llOj . 
These are computed as follows. U P ^ X ^ J are K-projective and K-injective 
resolutions, respectively, as in [21 [16] , then 

A''(-) = lim„ (i?/a" (S)R -) r,(-) = colim„ Homfl(i?/a", -) 

LA"(X)-A"(P) Rr„(X) =r„(J). 

Note that the functor r|j(— ) is left-exact while A"(— ) is neither left- nor right-exact. 

2.1. Here is a catalog of properties of LA''(— ) and Rra(— ) that we will utilize. 

(a) There are natural transformations of functors on D{R); [T, (0.3)*]. 

Rr„(-)^iD(fl)(-)^LA»(-) 

(b) The following are equivalences of functors on D{R); [1] Cor. to (0.3)*]. 

LA°(Rr,(-)) LA"(-) and Rr„(-) ^£l^ Rr,(LA°(-)) 

(c) One has natural equivalences of functors on D(i?); jlj (0.3)] and QA, (3.1.2)]. 

LA"(-) ~ RHomij(Rra(i?), -) and Rr„(-) ~ Rra(i?) (^^ - 

(d) (Adjointness) There is a natural equivalence of bifunctors on D(i?) 

RHomfl,(Rr„(-), -) ^ RHomfl(-, LA"(-)) 
such that, for all complexes X and Y the next diagram commutes; [T] (0.3)]. 
RHomflXX, Y) 

RHomii(— ,1/5^) 

RHomH(7x."^) 

RHomfl(Rra(A:), Y) ^ RHoni7?(X, LA»(y)) 

In particular, the morphism RHom/f (7^, Y) is an isomorphism in D(i?) if and 
only if RHomi^(— , Vy) is so. 

(e) One has a natural equivalence of functors on the full subcategory of D(i?) of 
homologically degreewise finite and bounded to the right complexes; 8, (2.8)]. 

LA''(-) ~ -(g)^ ]?'' 

(f) Parts ©-Icj) yield equivalences of (bi)functors on D{R); see e.g. [H (A. 4. 22)]. 

RTaiR) LA"(-)~Rr,(-) 
LA"(RHomj^(-,-)) ~RHomfl(-,LA"(-)) 

(g) If X is homologically bounded to the right, then it admits a K-projective res- 
olution P ^ X such that Xi — for each i ^ inf(A"), and so 

inf(LA''(X)) = inf(A"(P)) ^ inf(P) = inf(A:). 
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We now verify facts about LA''(— ) and Rrn(— ) for the sequel. Fix AI e D(i?) 
with K-injective resolution M J. The map g} : Homj^(i?", J) J given by 
(f describes a well-defined morphism h'^j : RHom/j(i?°, M) M in D(_R). 

Lemma 2.2. //Af is an R-complex, then the induced morphisms 

LA°{hlj) : LA"(RHonifl(^°, Af )) ^ LA''(M) 

Rr„(ft^,f) : Rr„(RHonifl,(^°, M)) KTaiM) 

are isomorphisms in D(i?). In particular, if'LA^{M) 9^ or RTa^M) 9^ 0, i/ien 
TmouiRiR" , M) ^ 0. 

Proof. For the first isomorphism, it suffices to check that the morphism 

RHomi^(R^„(i^),RHomfl(i^^A^)) ^"""'^(^rjfl),/,;,) ^ RHomji(Rr„(i?), Af) 
is an isomorphism in D(i?); see l2.1l |cl). In the following commutative diagram 

RHom/j (Rr„ (i?) , RHom r{R°,A'I)) RHomj^ {TiT^{R) (g)]^ R", M) 



RHomn(Rr„(i?),/i°j 



RHomj, (Rr„ (_R.)®^e^,M) 



RHomfl,(Rr„(i?), AI) ^ ^ RHomii(Rr„(i?) ®\ i?, M) 

(1) is adjunction and e^: i? ^ i?" is the natural inclusion. Since RrQ(_R) ®fl ejj 
is an isomorphism bv l2.1[p . the same is true of RHomij(Rro(i?) 0^ ejj: -^^)- The 
diagram implies that RHom/('(Rrn(i?), h\j) is an isomorphism. 

For the second isomorphism, use the equivalence 12.1 l(b|) to see that the vertical 
maps in the next commutative diagram are isomorphisms 

Rr„(RHomij(i?», AI)) ^ Rr„(Af) 



„„(H».A/)' 



R^c(LA'•(RHomfl(i^^A^))) Rr„(LA»(A/)). 

The morphism Rr(,(LA°(/i^^)) is an isomorphism in D(_R) because we have shown 
that LA°(/i^j) is so. The diagram shows that Rrn(/i°/) is an isomorphism as well. 
The final statement follows from the additivity of LA''( — ) and Rra(— ). □ 

Lemma 2.3. If AI, N are homologically finite R-complexes, then the complex X = 
RHonifl(A^, Af) is homologically degreewise finite and LA''(A") ~ X (g)^ In 
particular, one has inf (LA''(A')) — inf(A') and sup(LA°(A")) = sup(A'). 

Proof. The finiteness of each lli(X) is standard. A verification of the isomorphism 
is essentially in [61 Proof of (5.9)]. The flatness oi R ^ R" implies Hi(LA»(A:)) ^ 
Hi (AT) (g)^ and the equalities follow from the faithful flatness of i? ^ □ 

We next prove a vanishing result akin to [3j (2.3)]. Note that AI is not assumed 
to be finitely generated. 

Proposition 2.4. Let AI be an R-module such that the morphism v-^j : AI 
LA°(A/) is an isomorphism in D(R). Then Ext^(i?°,A^) = for each i ^ 
and the evaluation map g^j: Hom/j(i?°, A/) — > AI is an isomorphism. 
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Proof. Because the morphism Vj^j-. M LA'"(Af) is an isomorphism in D(i?), the 
same is true of RHom/j(X, v^^j) : RHomij(X, M) RHom/j(X, LA''(M)) for each 
i?-complex X. From ETTl |d|) it foUows that the morphism 

RHomfl,(7^, Af): RHom^XX, A/) ^ miowLniHT ^{X) , M) 

is an isomorphism in D(i?). 

The naturahty of 7 provides the foUowing commutative diagram in D(i?) 

Rr„(i?) ^^'^"'''^ , Rrn(LA''(i?)) 



7b 



R- 



Tla«(h) 

^LA''(i?) 

and an appUcation of RHom/f(— , Af ) yields the next commutative diagram in D(_R) 

RHom_R(i^j,,M) 



RHomi^(LA''(i?),Af) 

RHomH(7LAO(n)),Af) 



■RHomi?,(i?,Af) 

~ RHomn(7^,J\/) 



RHomn(Rra{i^„),M) 

RHomi^(Rr„(LA''(i?)), Af) - RHomi?(Rr„(i?), Af) 

where the vertical morphisms are isomorphisms because of the argument of the 
previous paragraph. Hence, the morphism RHomfl,(i/^, Af ) is also an isomorphism. 
Consider next the commutative triangle 




LA''(i?) 



where k is gotten by taking degree homology; see [27TJjej) . Apply RHomij(— , Af) 
to produce the next commutative diagram in D(fi) 



RHomfl.(i?»,Af) 

RHomn(K,Af) 

RHomi?(LA»(i?),Af) 



RHom_n(en,M) 
RHomn(i^^,M) 



RHomfl(i?, Af) 



which implies that RHomij(e5j, Af ) is an isomorphism in D(i?). 
In the final commutative diagram 

RHomij(f?, Af) 



RHom_R(£j,,Af) 




RHomi7,(f?»,Af) 



the morphism ^ is the natural evaluation isomorphism. The diagram shows that 
/ij^ is an isomorphism in D(f?). Since Af is a module, this implies Ext^(f?", Af) = 
for each i 7^ and further that the induced map Ho(/iJ,/) : Homfl(f?'', Af) Af is 
bijective. The definitions yield an equality Ho(/i°/) — g%j, completing the proof. □ 
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Remark 2.5. If M is an i?-niodule such that M = Af, then M ~ LA»(M). 
Indeed, the isomorphism M ~ Af shows that M is an i?''-module. Let P be an 
_R"-free resolution of M . Then P is an i?-flat resolution of M consisting of a-adically 
complete modules. Thus, one has LA°(A/) ~ A°(P) P ~ M. 

We are now in a position to give a useful alternate description of the analytic 
conductor submodule C^; see 11.21 for the definitions of the maps. 

Proposition 2.6. Let M be a finitely generated R-module. The homomorphisms 
/m ■ ^ IIom/j(i?°, A'/) and k^j: IIom/j'(i?°, Af ) — )■ C"^ are inverse isomor- 

phisms. In particular, IIomfl(i?", Af) is finitely generated over R. 

Proof. One checks from the definitions that the composition k'^.ff°j is the identity 
on G%f. Hence, the first conclusion will be verified once we show that A;"^ is bijective; 
the second conclusion will then follow, as C%i is finitely generated over R. 

The module C%i is a-adically complete, so Proposition 12.41 implies that the eval- 
uation map g^o : Homfl(i?°, C"^) — > C^j is bijective. By Lemma 11.31 the map 

Hom/j : Hom;? C"^) 'Romji{R° , M) is an isomorphism. In particu- 
lar, the composition k°j = g^o o Hom/j(i?°, i°.f )^^ is bijective, as desired. □ 

3. Detecting completeness 

3.1. Proof of Theorem\^ The implication ^ ([u]) follows from Proposition l2.4l 
and Remark 12.51 and ^ => fml) is trivial. 

For the implication (pli)l => jil, set S = R/ Annfl(Af). A result of Gruson and 
Raynaud [HI Secondc Partic, Thm. (3.2.6)], and Jensen [121 Prop. 6] provides the 
following bound on the projective dimension of 5*° as an S'-module: 

(*) pdsiS") < dim(S') = dimfl(Af). 

Consider the following sequence of isomorphisms in D(i?): 

RHomfl(P°, M) ~ RHomfl(P°, RHoms(S', Af)) 

~ RHoms(P° ®rS,M) 

~ RHoms(5^^A^). 

The first isomorphism follows from the fact that M is naturally an S'-module. The 
second is adjunction, and the third is standard as S is finitely generated over R. 
Combining Q with the displayed isomorphisms, the assumption Ext^(i?'', Af) = 
for alH = 1, . . . , dimfl(Af) implies Ext'fl(.R", M) = for all i 0. 

It follows that the natural map A: Hom/j(i?°, AT) — > RIIomj^(i?", AT) is an iso- 
morphism in D{R). Proposition 12.61 implies that the composition A o /^^ : C°,j 
RIIoni;j(i?°, AT) is also an isomorphism in D{R). Because M is finitely generated, 
the natural morphism fi: LA"(Af) M'^ is also an isomorphism in D(i?). These 
data yield the following commutative diagram 

Clt LA^(C5,,) LA»(RHomfl(i?^ Af)) 

LA»(/i°,) 

M M« ^ LA" (A/) 
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one sees that the composition of natural maps C^^ 
Since is also injective, the result now follows. 




M 




is bijective. 



□ 



Remark 3.2. As the referee indicated, one can interpret TheoremElas a statement 
about the a-adic completeness of R/ Annji{M) because M is a-adically complete if 
and only if i?/Annij(M) is a-adically complete. For the sake of completeness, we 
include a sketch of the proof. 

For one implication, assume that M is a-adically complete. For each prime 
p G AsSii;(M), the injection R/p ^ M and the completeness of M imply that 
i?/p is a-adically complete. In particular, this is true for each minimal prime p 
containing Annfl(M), and it follows that the same is true for each non-minimal 
prime p containing Anni^(M). A prime filtration argument applied to R/ Annij(M) 
shows that i?/ Ann_R(M) is a-adically complete. 

Conversely, if R/ Annii{M) is a-adically complete, then there exists an integer r 
and a surjection {R/ Annfl(M))'' M , and it follows that M is a-adically complete. 

From this fact, one easily deduces the following: When is a second finitely 
generated i?-module, if M is a-adically complete and Supp^(A^) C Suppj^(Af), then 
A^ is a-adically complete. 

3.3. Proof of Theorem\B[ One implication is trivial. For the other, assume that 
R° is module-finite over R. As R° is flat and module-finite over R, it is projective, 
and so Ext]^{R°,R) = for each i / 0. The completeness of R follows from 
Theorem El □ 

The next example shows that the nontrivial implication in Corollary [B] fails if a 
is not assumed to be in the Jacobson radical of R. 

Example 3.4. Let fc be a field and set R = k x k and b = fc x 0. The Jacobson 
radical of R is 0. One checks readily that R}" = x fc, showing that R is not 
b-adically complete even though R^ is module-finite over R. 

Theorem lAl provides the converse to [H (2.3)] when R is local and M is finitely 
generated. This is the implication (pS)) Q in the next result. The implication 
^ =^ ^ is in ^ (3.7)] or ^ (2.3)], while the implication ^ =^ ^ is trivial. 

Corollary 3.5. Let (i?, m) be a local ring. For a finitely generated R-module M 
the following conditions are equivalent. 

(i) AI is m-adically complete. 

(ii) For each flat R-module B and each i ^ 0, one has Ext^(-B, M) = 0. 



With Theorem [X] and Corollary 13.51 in mind, one may ask what the finitely 
generated complete i?-modules look like, say, when R is not complete. Examples 
include the modules of finite length. We observe next that one can have complete 
-R-niodules of infinite length. 

Example 3.6. Let (5, n) be a non-Artinian complete local ring. Set R — S[X](^n,x) 
with maximal ideal m = (n, X)R. The ring R is not m-adically complete, while the 
module R/{X)R = 5' is m-adically complete and has infinite length. 

A finitely generated i?-module C is semidualizing if i? ^ RHom/;(C, C). 

Corollary 3.7. If C is a semidualizing R-module such that Ext^(i?",C) — for 
all i ^ 0, then R is a-adically complete. 



(iii) For each i ^ 0, one has Ext*^(i?", M) = 0. 



□ 
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Proof. Theorem lAl implies that C is a-adicahy complete and hence C ^ C <E)rR° — 
C (X)^ R°. By 5, (5.8)] the complex C (X)^ i?" is i?°-semidualizing. This provides 

(1) in the following sequence while (4) and (5) are by hypothesis 

R" ~ RHom^„ (C ®^ C 0^ 

(2) ^ ^ ^ 

~ RHonifl(C, RHonij|„ C ®^ R") 
~ RHom;^(C,C0^ -R°) 
~ RHomfl(C, C) 

(5) 

y R 

(2) is adjunction ;5', (1.5.2)], (3) is standard [3 (1.5.5)]. □ 

Here is a version of Theorem lAl for complexes. 

Proposition 3.8. Let M be a homologically degreewise finite R-complex such that 
inf(LA»(A/)) = inf(M) and sup{L A" (M)) = sup(M), e.g., if M is homologically 
finite. Fix an integer s ^ sup(Af). //RHom7j(i?°, M) is homologically concentrated 
in degree s, then so is M, and the module Hs(M) is a-adically complete. 



Proof. Assume M 9^ 0. Then sup(LA°(Af)) = sup(A/) > -00, and Lemma [2?2l 
implies RHom/j(i?°, M) 9^ 0. Our hypotheses provide (1) and (3) in the sequence 

(1) (2) ^ 1-3-1 

s ^ sup(M) ^ sup(RHomj^(i?»,Af)) U s 

and (2) is from fT, (2.1)]; this implies s = sup(Af). Since RHom;j(_R'', Af) is homo- 
logically concentrated in degree s, one has Z** Ext^'*(i?'', Af) ~ RHom;? (i?" , Af ) , 
providing the first of the following isomorphisms 

LA°(Z'*Ext^^(^",Af)) ~ LA"(RHomfl(^", A/)) ~ LA»(Af) 

while the second one is from Lemma 12.21 This provides (5) in the next sequence 

inf(Af) inf(LA"(Af)) inf(LA''(Z" Ext^"(^", Af))) 5 s sup(A/) 5 inf(Af) 



while (4) is by assumtion, (6) is bv I2.1[[ gj). (7) is proved above, and (8) is trivial. 
It follows that inf(Af) = sup(Af) = s and so M is homologically concentrated in 
degree s. Finally, one has Af ~ ^{^{M) and so 

RHomK(^°, A/) ~ RHomfl(^", H,(Af)) ~ Z"RHomH(^°, H^(Af)). 

Since this is homologically concentrated in degree s, one has Extf (^",Hs(A'/)) = 
for each « 7^ 0. Theorem lAl implies that Hs(Af) is a-adically complete. □ 

The next result contains Theorem [C] from the introduction. 

Corollary 3.9. Let M,N be a homologically finite R-complexes and s £ Z such 
that s ^ sup(RHom/j(A'^, Af)). If RHomjilN^ , M) is homologically concentrated in 
degree s, then so is RHom^(A^, A/), and ExX,^''{N,M) is a-adically complete. 
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Proof. I2.ir [e|) and adjunction provide the following sequence. 

RHomfl(iV", M) ~ RHonifl,(^'' ®^ N, M) ~ RHomii(^", RHoniij(7V, M)) 

Lemma 12.31 shows that Proposition 13.81 applies to the complex RHomi^(A^, Af), 
yielding the desired conclusion. □ 

Corollary 3.10. Assume that R is local and M,N are nonzero finitely generated 
R-modules with pdj^(A^) < oo. //Ext^(A^'', M) = for each i ^ 0, then N is free 
and M is a-adically complete. 

Proof. Using s = in Corollary 13.91 one concludes that Ext^(A^, M) — for each 
i ^ and that Homjj(A^, M) is a-adically complete. Since pd^(A'^) is finite, one has 

RHomfl,(A^, M) ~ RHomH(A^, R) ®^ M 

by tensor-evaluation [2, (4.4)]. The next equalities are from 7, (2.1)] and 5, (2.13)]. 

= inf (RHomi^(iV, M)) = inf (RHomfl,(A^, R)) + inf (A/) = - pd^(A^) 

Since R is local, the module iV 7^ is free and Hom;j(iV, M) = M" for some n > 0. 
Because M" is a-adically complete, the same is true of M. □ 
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